Using canonical data for the US stock and bond markets, we show that the kinked piecewiseexponential value function can rationalize the cross-section of stock returns in addition to the level of the equity premium, while the kinked piecewise-power value function of Tversky and Kahneman can explain only the latter.
THE CUMULATIVE PROSPECT THEORY, CPT, (Tversky and Kahneman (1992) ) summarizes several violations of the Expected Utility Theory by means of a kinked, piecewise power value function and a reverse S-shaped function transforming the probabilities. In Financial Economics, CPT has been successful in explaining the equity premium puzzle or the historically favourable risk-return trade-off of stocks relative to bonds.
1 As shown by Benartzi and Thaler (1995) , for a yearly holding period, the CPT statistic of the stock index is not significantly different from the CPT statistic of the bond index. However, as shown in this paper, the same explanation does not rationalize the size premium puzzle (Mehra and Prescott (1985) ) or the historically favourable risk-return trade-off of small cap stocks relative to large cap stocks (first documented by Banz (1981) ) and the value premium puzzle or the favourable returns of value stocks relative to growth stocks (first documented by Basu (1977) ). Fama and French (1992) , (1993) ) provide a rigorous empirical analysis of these phenomena.
Nevertheless, the three puzzles can be explained simultaneously if we replace the piecewise-power value function of Tversky and Kahneman with a piecewise-exponential value function. The new value function has a kinked and convex-concave shape (reflecting loss aversion and risk seeking for losses), just as the original value function. However, for large outcomes, the piecewise exponential value function exhibits more curvature and hence the function discourages extreme risk taking 2 .
The two versions of value functions, the piecewise-power and the piecewise-exponential compare as follows: 
I. Data
In order to stay as close as possible to the original equity premium studies of Mehra and Prescott (1985) and Benartzi and Thaler (1995) we consider real returns on equity and bonds. However, there are two differences. First, we consider an extended sample from 1927 to 2002, including the bull market of the 1990s and the equity bear market that followed in the early 2000s. Second, we expand the investment universe and include portfolios sorted on market capitalization (ME) and book-to-marketequity ratio (B/M) in the analysis.
The stock market portfolio is proxied by the CRSP all-share index, a valueweighted average of common stocks listed on NYSE, AMEX, and NADAQ. The bond index is defined as the intermediate government bond index maintained by Ibbotson. This index closely matches the 5-year Government bond index employed by Benartzi and Thaler (1995) . We use the canonical decile portfolios formed on ME and the decile portfolios formed on B/M. For detailed data description and selection procedures we refer to Fama and French (1992) (1993) . We use monthly and annual real returns for the period from January 1927 to December 2002 (912 months). Bond and inflation data are obtained from Ibbotson Associates and the stock portfolio data from Kenneth French's online data library. Table I presents some basic descriptive statistics of the stock portfolios and bond and equity indices. Clearly, stocks outperform bonds during our 76-year sample period by about 6 percent on an annual basis. However, stocks are riskier which is reflected in a low minimum (-40% in the worst year) and a high standard deviation. Contrary, bonds offer downside protection (-17% in the worst year), but the upside potential is limited. Small and value firms offer higher average returns and higher variance, combined with positive skewness. Puzzling is the BM8 and BM9 portfolios, which combine high average returns with a minimum return above -50% and a maximum return in excess of 100%. Clearly, these portfolios seem far more attractive than the all-equity index.
[Insert Table I about here] 
II. Methodology
We test if the market portfolio of risky assets i s the optimal portfolio for a representative investor who obeys to the rules of (1) the mean-variance framework, (2) the CPT or (3) our extension of CPT. The standard approach to test if the market portfolio is optimal is to analyze the first-order condition or the Euler equation. This approach is valid for the mean-variance framework, because the first-order condition is necessary and sufficient for establishing the maximum in this framework. By contrast, the first-order condition gives only a necessary optimality condition for the CPT and our extension of CPT. Both models allow for allows for local risk seeking and hence there may be minima and local maxima, which will also satisfy the firstorder condition.
There exist various multivariate global optimization methods for locating the global optimum if the objective function is not concave (see, for example, Horst and Pardalos (1995) ). Unfortunately, these methods generally are computationally too demanding for high dimension problems such as ours (we use 22 assets).
To circumvent this problem, we a nalyze the various objective functions (Sharpe ratio, CPT statistic, adjusted CPT statistic) at all the individual benchmark portfolios. This approach can be seen as a very rough grid search; the individual assets are excluded from the analysis and only the 22 benchmark portfolios are seen as a discrete approximation to the investment possibilities set.
Thus, for each benchmark portfolio, we compute the Sharpe ratio, the CPT statistic and the adjusted CPT statistic. To account for sampling variation, we use the bootstrap methodology to compute the p-value for the null that the benchmark portfolio is equally attractive as the market portfolio.
III. Test results
Contrary to Benartzi and Thaler (1995) , the CPT statistic of the bond index is significantly higher than the CPT statistic of the stock index. This is due to the inclusion of the equity bear market in the early 2000s. Further, CPT cannot rationalize the size and value effects. Specifically, while the CPT statistic of the stock market index is -1.590, the CPT statistic of size portfolio 1 is 2.290 (0.03) and that of B/M portfolio 8 is 2.083 (0.00). In large part, these high values are explained by the favourable upside potential of small caps and value stocks. For example, the ME 1 portfolio of small caps has a maximum return of 155.29% and the BM1 portfolio of value stocks has a maximum of 113.53%. Interestingly, there is no corresponding downside risk for the small caps and value stocks. Apparently, the return distribution is positively skewed and highly correlated in downside markets, which limits the downside risk and the potential for downside risk reduction by means of portfolio diversification. These properties make the small cap and value stock portfolios very attractive for the CPT investor, who overweighs small probabilities and whose marginal value function diminishes very slowly.
Using the piecewise-exponential value function, all three puzzles disappear. The bond index does not achieve a significantly higher CPT+ statistic than the stock index. Also, the size and value effects disappear; no benchmark portfolio achieves a significantly higher CPT+ statistic than the market portfolio. Because the marginal function of the piecewise-exponential value function decreases much faster than the piecewise-power value function, CPT+ assigns a much lower weight to the upside potential of the small caps and value stocks. In brief, the piecewise-exponential value function succeeds in explaining away the equity premium, size premium and value premium puzzle at the same time.
[Insert Table II about here]
To further illustrate our point, Figure 2 shows the effect of underweighting or overweighting the size portfolio 1 and/or the B/M portfolio 8 on the value of the three objective functions (Sharpe ratio, CPT statistic and CPT+statistic). Panel A shows the Sharpe ratio as a function of the weights assigned to the two portfolios. Adding a position in the value portfolio yields a substantial increase in the Sharpe ratio. While the market portfolio yields a Sharpe ratio of 0.38, investing 100\% in the value portfolio yields a Sharpe ratio of 0.45. By contrast, adding a position in the small cap portfolio has a small negative effect. Panel B shows the results if we replace the Sharpe ratio with the CPT statistic. The value premium persists. The market portfolio yields a CPT statistic of -1.59, while investing 100\% in the value portfolio yields a CPT statistic of 2.08. Consistent with the results in Table II , we also see the profitability of a small cap strategy. Specifically, investing 100\% in the small cap portfolio yields a CPT statistic of 2.29 and investing 100\% in the value portfolio and 100\% in the small cap portfolio (and shorting the market portfolio) even yields a CPT statistic as high as 5.36. Panel C displays the results for the extended CPT. The improvement possibilities from value strategies become less pronounced. 
IV. Conclusion
While CPT can rationalize the equity premium puzzle (at least in the Benartzi and Thaler sample), it fails to explain the size and value premium puzzles. By contrast, the LGH extension of CPT, based on a kinked, convex-concave, piecewiseexponential value function rationalizes all three puzzles simultaneously. Hence, the key elements of CPT (loss aversion, convexity for losses and probability transformation) seem to explain the key asset pricing puzzles provided we mitigate the extreme risk seeking implied by CPT. 3) represents investing 40\% in small caps, -30\% (a short position) in value stocks and 90\% in the market portfolio. The market portfolio yields a CPT+ statistic of -1.50, while investing 100\% in the value portfolio yields a CPT+ statistic of -1.16, a relatively small improvement. Also, the size effect completely disappears; in fact, small cap strategies yield a substantially lower CPT+ statistic than the market portfolio. For example, investing 100\% in the small cap portfolio yields a CPT+ statistic of -2.17 and investing 100\% in the value portfolio and 100\% in the small cap portfolio (and shorting the market portfolio) yields a CPT statistic of -1.88. Clearly, in Panel C, it is more plausible than in Panel A and B that the market portfolio is the global optimum and that the small remaining improvement possibilities are due to sampling error. Table II Test Results
The table shows for each benchmark portfolio the Sharpe ratio, the CPT statistic and the adjusted CPT statistic with the piecewise-exponential value function. Also, the table reports the bootstrap pvalue. Cells with numbers in bold face refer to portfolios that yield a significantly higher value than the market portfolio at a 5% significance level.
